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THE LIPSCHITZ CONTINUITY OF THE DISTANCE FUNCTION
TO THE CUT LOCUS

JIN-ICHI ITOH AND MINORU TANAKA

ABSTRACT. Let N be a closed submanifold of a complete smooth Riemannian
manifold M and Uv the total space of the unit normal bundle of N. For each
v € Uy, let p(v) denote the distance from N to the cut point of N on the
geodesic 7, with the velocity vector 4, (0) = v. The continuity of the function
p on Uv is well known. In this paper we prove that p is locally Lipschitz on
which p is bounded; in particular, if M and N are compact, then p is globally
Lipschitz on Uv. Therefore, the canonical interior metric § may be introduced
on each connected component of the cut locus of N, and this metric space
becomes a locally compact and complete length space.

Let N be an immersed submanifold of a complete C*° Riemannian manifold M
and m : Uv — N the unit normal bundle of N. For each positive integer k and
vector v € Uv, let a number A\ (v) denote the parameter value of ~,, where ~, de-
notes the geodesic for which the velocity vector is v at t = 0, such that 7, (Ax(v)) is
the k-th focal point (conjugate point for the case in which N is a point) of N along
v, counted with focal (or conjugate) multiplicities. A unit speed geodesic segment
v :[0,a] — M emanating from N is called an N-segment if t = d(N,~(¢)) on [0, al.
By the first variation formula, an N-segment is orthogonal to N. A point 7, (to)
on an N-segment v,,v € Uv, is called a cut point of N if there is no N-segment
properly containing [0, to]. For each v € Uv, let p(v) denote the distance from
N to the cut point on 7, of N. Whitehead [27] investigated the structure of the
conjugate locus and the cut locus of a point on a real analytic Finsler manifold. He
determined the structure of the conjugate locus around a conjugate point for which
the conjugate multiplicity is locally constant on its neighborhood (cf. also [25]) and
proved the continuity of the function p. In compact symmetric spaces, T. Sakai
[19] and M. Takeuchi [23] determined the detailed structure of the cut locus of a
point. The detailed structure of the cut locus of a point in a 2-dimensional Rie-
mannian manifold has been investigated by Poincaré, Myers, and others [7], [11],
[13]. Hartman first tried to show the absolute continuity of the function p when
M is 2-dimensional. He proved in [8] that if p is of bounded variation, then p is
absolutely continuous. Recently, Hebda [I1] and the first named author [13] inde-
pendently proved Ambrose’s problem by showing that p is absolutely continuous
on a closed arc on which p is bounded when N is a point in a 2-dimensional Rie-
mannian manifold. Therefore, the cut locus of a point in a compact 2-dimensional
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Riemannian manifold has finite 1-dimensional Hausdorff measure, and any two cut
points can be connected by a rectifiable curve in the cut locus.

In the present paper, we prove that the focal locus and the cut locus of a sub-
manifold of a complete C"*° Riemannian manifold have weak differentiability:

Theorem A. Let N be an immersed submanifold of a complete C*° Riemannian
manifold M and 7 : Uv — N the unit normal bundle of N. Then, for each positive
integer k and v € Uv with A\, (v) < 0o, A is locally Lipschitz around v.

Theorem B. Let N be an embedded submanifold of a complete C*° Riemannian
manifold M and w: Uv — N the unit normal bundle of N. Then, for each v € Uv
with p(v) < oo, p is locally Lipschitz around v. In particular, if M and N are
compact, then p is globally Lipschitz on Uv and hence the cut locus has finite
(m — 1)-dimensional Hausdorff measure, where m denotes the dimension of M.

Note that Ay is not always differentiable (see Example 3.1). If there exists a
neighborhood of Ag(v)v in which the focal multiplicity of each focal tangent vector
is constant, then A, is C° around v, as Warner [25] and Hebda [9] reported. In
particular, if M is 2-dimensional, then A\g is C*° on which A is bounded. In fact,
the focal multiplicity is 1 at each focal point.

Rademacher’s theorem (cf. [16]) states that a Lipschitz map of a domain in R*
into R' is differentiable almost everywhere. Therefore, as corollaries to Theorems
A and B, there exist tangent spaces at almost all points in the tangent focal locus
and the tangent cut locus, respectively.

Since a Lipschitz continuous function is absolutely continuous, Theorem B gen-
eralizes the previously mentioned result by Hebda and the first named author;
therefore, this theorem is new, even for 2-dimensional M. Theorem B has a few
corollaries. If a cut point ¢ is not a focal point of the submanifold along an N-
segment, then the Hausdorff dimension of the focal locus around ¢ equals m — 1
(cf. [14] for the case in which N is a point).

Corollary C. Suppose N is a closed submanifold of M. Then the canonical interior
metric & may be introduced on each connected component of Cn. Moreover the
topology introduced from & coincides with the relative one of (M, g), and (Cn,9) is
a locally compact and complete length space.

Note that the cut locus of a compact subset of an Alexandrov surface admits
the canonical interior metric, which is a result given by Shiohama and the second
named author [22]. Corollary C raises the following interesting problem:

Does the metric space (Cn,d) have curvature bounded below (or above) in the
sense of Alexandrov?

The answer is no. Counterexamples are given in Section 3.

Refer to [I] or [2] for the geometry on metric spaces. [20)] is a good reference on
Riemannian geometry and in particular on the Morse index theorem.

Finally, the authors would like to thank Prof. T. Akamatsu for his valuable
suggestions on analysis methods such as the Malgrange preparation theorem. He
kindly pointed out to the second named author that if the focal multiplicity of
the focal point ~,(A;(v)) is two, then the locally Lipschitz continuity of A; can be
proven at v by making use of the Malgrange preparation theorem (see [12]) and
Lemma B.1 in [24].
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1. THE DISTANCE FUNCTIONS TO THE TANGENT FOCAL LOCUS

Let (M,g) denote a complete, m-dimensional C*° Riemannian manifold. We
denote by T'M the total space of the tangent bundle over M, and by exp the
exponential map defined on T'M. The fiber over p is denoted by T,M. Let N
denote a C*° n-dimensional submanifold of M and # : v —— N the normal
bundle of V. The fiber over p is denoted by v,,. For each £ € v, let A¢ denote the
shape operator of N with respect to &, which is a symmetric linear transformation
on T,N (see [20] for the definition of the shape operator). Suppose that a unit
speed geodesic v : [0,00) — M is given, for which £ := 4(0) € v,. A Jacobi
field Y along ~ is called an N-Jacobi field if Y satisfies the following two initial
conditions:

(1.1) Y(0) €T,N,  Y'(0)— A:Y(0) € v,

where Y’ denotes the covariant derivative of the Jacobi field Y along ~. Note that
if N consists of a single point p, then an N-Jacobi field Y is a Jacobi field along
emanating from p with Y(0) = 0 and Y’(0) € T,M. The following equations, (1.2)
and (1.3), are very important in proving Theorems A and B (cf. [4]). For any two
Jacobi fields X,Y along a geodesic 7 : [0,00) — M, there exists a constant ¢ such
that

(1.2) g(X'(£), Y (1)) — g(X (1), Y'(8) = ¢
for any ¢t > 0. In particular, the equality
(1.3) 9(X'(1), Y (t)) = g(X(t),Y'(t))

holds for any N-Jacobi fields X,Y. A point y(to), where ¢y is a positive number
(respectively to7(0)), is called a focal point (respectively focal tangent vector) of
N along a geodesic v emanating perpendicularly from N if there exists a non-zero
N-Jacobi field Y along v with Y (ty) = 0. For each geodesic v : [0,0] — M
emanating perpendicularly from N, let indx () denote the index of «y (see [20] for
the definition of the index). Let m : Urv — N denote the unit sphere normal
bundle over N. For each positive integer k£ and each unit tangent vector v € Uv
we define a number Ag(v) by

(1.4) Ak (v) == sup{t;indn (Vol[0,9) < Kk — 1},

where v, denotes the geodesic v,(t) := exp(tv). The differential of the normal
exponential map exp™ is singular at v € v if and only if exp(v) is a focal point of
N along v,. It is clear that 0 < A;(v) < A2(v) < A3(v) < --- and it follows from
the Morse index theorem (cf. [20], also [15] or [16]) that 7, (Ax(v)) is the k-th focal
point of N along ~,, counted with focal multiplicities. Here the focal multiplicity
of a focal point ,(to) is the dimension of the kernel of d exp™ at tyv, where d exp=
denotes the differential of expt. Hence A (v) is the distance function to the k-th
focal tangent vector of N along +,, counting focal multiplicities.

Definition 1.1. For each v € Uv and w € T, M, let Y (t;v,w) denote the N-
Jacobi field Y (¢) along the geodesic 7, with initial conditions Y (0) = w? and
Y'(0) = A,w” + wt, where w” and w' denote the images of w under orthogonal

projection to Th(,) N and vr(,), respectively.
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Definition 1.2. For each positive integer k and v € Upv := v, NUv with Ag(v) <
00, let F'(Ag(v)v) denote the kernel of the linear map w € T,M — Y (A\x(v);v,w) €
T onwn M-

Note that the dimension of F'(A;(v)v) is the same as the focal multiplicity of the
focal point 7, (Ax(v)v).

Lemma 1.1. Let {v;} be a sequence of vectors in Uv convergent to a tangent vector
v € Upv. Suppose that there exist positive integers k1, - - - , ki such that the sequences
{Ak; (vj)}; converge to a common real number to, and that A, (vj) < Ak, (vj) <
- < A, (v)) for each j. If there exists a linear subspace F; := lim;_ oo F'( Mg, (v)v;)
of F(tov) for each i = 1,---1, i.e., there exists a convergent sequence of a basis of
F(Ai; (vj)vj), then Y'(to;v,x) and Y'(to;v,y) are orthogonal for any x € F, and
y € Fy (a <b), and in particular the dimension of Fy +-- -+ F} equals Zé:l dim F;.

Proof. Let {z;} and {y;} be sequences of elements of F'(Ag, (v;)v;) and F (A, (v;)v;)
convergent to x and y respectively. Then, from (1.3) it follows that

g(Y/(t;’Uj,iCj),Y(t;Uj,yj)) = g(Y(t;vjvxj)vy/(t;vjayj))
for any t > 0. Since Y (Mg, (v5);v5,2;) =0, we get
(1.5) 9(¥" (A, (v3)505525), Y (M, (v5)3 05, 95)) = 0.

Since Y (¢;v5,y;) = 0 at t = Mg, (v;), there exists a C™ vector field X (¢; v;, y;) along
Yv; that is smoothly dependent on (v;,y;) and such that

(1.6)
Y (t;v5,5) = (t = M, (0) X (G 05,95), XAy (05);05,95) = Y (A, (05)5 05, 95).-

By (1.5) and (1.6), we get

(1.7) 9" Ak, (v5); 055 25), X (Ak, (v5);v5,95)) = 0.

If we take the limit of (1.7), then it follows from (1.6) that

(1.8) g(Y'(to3v, ), Y'(to; v, y)) = 0.

Let f denote the linear map of T, M into T, (;,)M defined by f(w) = Y’ (to;v,w).
Since the f(F;), i =1,---,l, are mutually orthogonal by (1.8), we have

l
Y dim f(F) = dim(f(F) + -+ f(F)) < dim(Fy + - + F).

Since f|p, is injective, dim f(F;) = dim F; for each i. Therefore, the dimension of
Fi+ -+ F equals 3!, dim F;. |

Proposition 1.2. For each positive number t, the function
velUv — indN(’yth’t])

is locally constant around each tangent vector v € UV if v,(t) is not a focal point of
N along v,. Furthermore, the function A\, : Uv — (0,00] is continuous for each

k.
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Proof. Take a vector vg € Uv such that 7,, (%) is not a focal point of N along 7y, .
Since the index form depends continuously on the geodesic segment 7, o4, it is
clear that

(1.9) indn (Yoo l0,4) < indn (v ljo,)

for any v € Uv sufficiently close to vg. Suppose that there exists a sequence {v;}
of elements of Uv convergent to vg such that indn (vu,|j0,¢) 7 indn (72, lj0,47). By
taking a subsequence of the sequence, and by (1.9), we may assume that

(1'10) indy (7’00 |[0,t]) < indy ('yvj |[0,t])

for any j, and that the limit linear space Fy, := lim; o F(Ax(v;)v;) exists for each
k with lim; o Ax(vj) < t. It follows from the Morse index theorem and (1.11) that

(1.11) indy (7, 110,4]) ZdlmF (Ak(v))vj) Zdlka

for any sufficiently large j, where the sums are taken over the set {Ag(v;); A\x(v;) <
t}. It follows from the Morse index theorem and Lemma 1.1 that

(1.12) indy (Yoo ljo.) > Y _ dim Fi = ind (s, ]0,1))-

However, a contradiction exists between (1.10) and (1.12). Therefore, the function
v € Uv — indn(vuljo,g) is locally constant around each tangent vector v € Uv
if 4, (¢) is not a focal point of N along v,. Take any vy € Uv and any positive
number ¢ > Ak (vg) (respectively t < Ag(vg)) such that ~,,(t) is not a focal point
of N along 7,,. Since indx (74 |jo,4) is locally constant around v, we get A (v) >t
(respectively Ag(v) < t) for any v sufficiently close to wvg, implying the continuity
of >\k~ O

Fix any positive integer k and any vg € Upv with Ax(vo) < +00. We want to
prove the local Lipschitz continuity of Ay around vy. For convenience, introduce a
C*° Riemannian metric G on Uv. The Riemannian distance function induced from
G is denoted by D. For each positive number ¢, we denote the open ball centered
at vg with radius § by Bp(vo;9).

Definition 1.3. For each ¢ € M, let S, M denote the set of all unit tangent vectors
of T, M, and for each tangent vector v, let ||v|| denote the length of v, i.e., |jv] :=

9(v,v).

Since Ay is continuous, there exists a relatively compact convex neighborhood
Bp(vo; do(k)), on which A\ does not exceed A;(vg)+ 1. Since each Jacobi field Y (t)
is uniquely determined by Y (¢1) and Y'(¢;) for some ¢;, the number
(1.13)

2Co(J', k) == min{ [|[Y'(\i(v0);vo,w)||? ; 1 <i <k, we S,MnNF(\(vo)vo) }
is positive. Since each \; is continuous, there exists a positive number ;1 (k) (<
do(k)) such that
(1.14) Co(J', k) < [IY'(Ni(v); v, w)?

for any v € Bp(vo;d1(k)) and any w € F(X(v)v) N SreyM, 1 < i < k. For
each v € Bp(uvp;01(k)), choose a sufficiently small positive number ¢(v) with the
following two properties: The closed intervals [s;(v), t;(v)], 1 <14 < k, are mutually
disjoint if A;(v) # A;j(v), where s;(v) 1= X\i(v) —€(v), t;(v) := Ai(v) +€(v). For each

positive integer i(< k), the geodesic segment 7, |[5, ()4, (1)) lies in a convex ball.
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Definition 1.4. For each v € Bp(vo;01(k)), 7 € (Ai(v),ti(v)], and w € F(\;(v)v)
(1 <i<k),let X(¢;v,w,7) denote the broken Jacobi field X (¢) along v, such that

Y (t;v,w) on [0, s;(v)],
X(t) = Y(t;’l),w,T) on [Si(’l)),T],
0 on [, 0],

where Y (t; v, w, 7) denotes the Jacobi field along 7, satisfying
Y (si(v);v,w,7) =Y (s;(v); v, w), Y (r;v,w,7) = 0.
Note that the Jacobi field Y (¢; v, w, 7) is uniquely determined by the property
Y(r;v,w,7) =0, Y (si(v);v,w,7) =Y (s;(v); v, w)

for each 7 € (s;(v),t;(v)], since Vu|[s,(v),t:(v)) lies in a convex ball. The uniqueness
implies that Y'(t;0, >, cjwj, 7) = 32, ¢;Y (t;v,wj, 7), and thus

X (t;v, chwj, T) = chX(t; v, Wwj,T)
J J

for any finitely many real numbers c¢; and vectors w; which are elements in a
common F'(\;(v)v). By taking a smaller e(v), we may assume that the length
(|1 X (¢;v,w,7)| of X(¢;v,w,7) is monotone on [s;(v), 7]. Therefore, if

C(Jk) = sup{ [[Y (t0,w) 2 50 < ¢ < Aelvo) + 1,

(1.15)

v € Bp(vo;01(k)), w € SryM},
then
(1.16) C(J. k) > || X (t;0,w,7)||?

on [0, 00) for each broken Jacobi field X (t;v,w, ). Let {e1, -+, en} denote a C>®
local frame field on a neighborhood V' of p = m(vg) such that {e1(q), - ,em(q)}
and {e1(q),-- ,en(q)} are orthonormal bases of T,M and T,N for each g € NNV,
respectively.

Definition 1.5. For each v € Uv N7 (VN N) let {E1(t;v), -+, Em(t;v)} denote
the set of parallel vector fields along the geodesic v, such that E;(0;v) = e;(7(v))
for each 1.

Choose a positive number dz(k) (< d1(k)) so as to satisfy
BD(’U();ég(kJ)) cUvn 7T_1(V n N)

Let I} denote the index form with respect to a geodesic Yoljo,e, i-€-,

L(X,Y) = /0 g(X'(),Y'()) — g(R(X(£), (t) 30 (1), Y (£))dt
+9(A,(X(0)), Y (0))

for piecewise C*° vector fields X,Y along 7,|j,+, where R denotes the sectional
curvature tensor field of (M, g). For simplicity, I5(X, X) will be denoted by I} (X).
Since

Rij (tv U) = g(R(E’L(t7 U)v ;Y'U (t))’.)/v(t), Ej (t; ’U)), Zv] = ]-7 cee My

fr(v) = g(Ay(ex(m(v))), er(mw(v))), k,l=1,...,n,
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are C* functions, we may choose constants C(R, k) and C(A) such that the in-
equalities

(1.17) |Rij (t, ’Ul) — Rij (t, ’U2)| S C(R, k)D(Ul, ’Ug)7
| fri(v1) = fra(v2)| < C(A)D(v1,v2)

hold for any ¢ € [0, \p(vo) + 1], 4,5 € {1,...,m}, k,l € {1,...,n} and vy,ve €
Bp(vo; 03(k)), where 65(k) := 155(k).

2
Lemma 1.3. For any v € Bp(vo;d3(k)), w € F(A;(v)v) and 7 € (A\;(v),t:(v)] (1 <
i< k),

(118) IS(X( ;vavT)) = —g(Y(T;’U,’w),YI(T ;’U,w,T)).

Moreover, for each v € Bp(uvg;03(k)) and positive integer i(< k), there exists a
real number 7;(v) € (A\;(v),t;(v)) such that, for any 7 € (A\i(v),7(v)) and w €
F(Ai(v)v),

(1.19) F(X(s0,wT) < —%CO(J’,k:)(T — () ||lw||*.
Proof. Since X (t;v,w, T)|[0,s,(v)] and X (t; v, w, T)|[s,(v),] are Jacobi fields along .,
we get
(X 5v,w,7) = g(Y (5:(v);v,w), Y (si(v); v, w, 7))
—g(Y(si(v);v,w), Y (si(v);v,w,T)).
It follows from (1.2) that
(X (5v,wm) =gV (1;0,w), Y (1;0,w,7)) — g(Y(T30,w), Y (150, w, 7).

Since Y (7;v,w,7) = 0, equation (1.18) holds. Since Y (¢;v,w) = 0 at t = A\;(v),
there exists a C'* vector field X (¢; v, w) such that Y (t;v,w) = (t— A (v)) X (¢; v, w).
Since

lim Y'(r;0,w,7) =Y (\(v);0,w, M (v) =Y (Ni(v);0,w) = lim X (750, w),

T—Xi(v) T—=Xi(v)

it follows from (1.14) that there exists 7;(v) € (A\;(v),t;(v)) such that

(¥ (750,0), Y/ (7:0,0,7)) < 3 [V Q)0 w2~ M)

IN

5 GOl Bl — Ai(w)

for any 7 € (A;i(v), 7i(v)) and w € F(\;(v)v), completing the proof of (1.19). O

Proof of Theorem [4l Fix any vq € Bp(vg;d3(k)). We prove that the inequality
Ak(v2) = Ap(v1) < L D(v1,v2)

holds for any vy € Bp(vp; d3(k)) sufficiently close to vy, where

_4mkC(J, k)

TG k)

Thus, the above inequality can be easily proven for any vo € Bp(vo;d3(k)), and
A is Lipschitz continuous on Bp(vg;d3(k)) with Lipschitz constant Lg. For each
positive integer i < k, choose a unit vector w; from F(\;(v1)v1) so as to satisfy
the following property: for distinct ¢,7 < k, w; and w; are orthogonal whenever
Ai(v1) = Aj(v1). Set a; := A;j(v1) + €, where € (< 1) is a sufficiently small positive

(C(A) + (M (vo) + 1)C(R, k)).
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number satisfying a; € (A;(v1),7(v1)) for each ¢ < k. Let W(y,,) denote the k-
dimensional linear space spanned by piecewise C* vector fields X;(¢;v1), 1 <i <k,
along v, , where X;(t;v1) := X (¢;v1, w;, a;). We first prove that the inequality

(1.20) I8+ ( Zcz ; ) < ——CO Jk Zc

holds for any real numbers ¢;’s. Choose a maximal subset {i1, ..., i1} of {1,...,k}
satisfying A;, (v1) < Aiy(v1) < -+ < A, (v1). Set

N = {j; Aj(v1) = Ai, (v1) }
for each s € {1,...,l}. The fact that the N, are mutually disjoint subsets of
{1,--- ,k} with NyU---UN; ={1,--- ,k} is trivial. Since

ch (t;01) ZX t;v1, Z CiW;, A;, ),

1€ Ng
it follows that

k !
(1.21) QY aX(0) =) IH(X (501, Y cwsyai,))
i=1 s=1

iEN,
Note that
I(()Lk(X( ;vlvxivai)aX(' ;’Ul,iCj,aj)) =0
for any x; € F(Ai(vi)vi),ys € F(Aj(v1)v1) with Aj(v1) < Aj(v1). By applying
(1.19) to each broken Jacobi field X (t;v1,) ;. n. ciwi, ai,), it follows that (1.21)
implies (1.20). Choose vy € U(vo; d3(k)) sufficiently close to v1 to satisfy

€:= LkD('Ul,UQ) < min{Ti(vl) — /\7;(1}1); 1< < k}
By (1.20), the inequality
k

(1.22) Igk( Zci i ) < ——CO(J' k)D (vl,vg)Zcf

i=1
holds for any ve € B D(’Uo; 03(k)) sufficiently close to v; and any real numbers ¢;.
For each X € W (,, ), we construct a piecewise C'* vector field X (¢) along 7,, by

Zg i (1)) B (t;v2).
For simplicity, set
Z X t v1
It follows from (1.17) and the Schwarz mequahty that
I§5(2) < Ig*(Z) + mkC(J,k)D(v1,v2)(C(A) + (A (vo) + 1)C(R, k) zk: c.
i=1

Hence, by (1.22), we get
k
o 1
IOk(Z) < _ZLkCO(JIa k)D(Ula UQ) ZC?,

i=1
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which holds for any ve € Bp(vo;ds(k)) sufficiently close to v1. This inequality
implies the index form IJ* is negative definite on the k-dimensional linear space
{X(t); X € W(y,)}, and so indn (v, [0,a,]) is D0t less than k. Therefore,

Ai(v2) < ak = Ag(v1) + LeD(v1, v2)

for any vy € D(vg;d3(k)) sufficiently close to v1, completing the proof of Theorem
A. O

2. THE DISTANCE FUNCTION TO THE CUT LOCUS

Throughout this section N always denotes an embedded submanifold of M. A
unit speed geodesic segment v : [0,a] — M emanating from N is called an N-
segment if t = d(N,~(t)) on [0, a]. Note that any N-segment is orthogonal to N, a
consequence of the first variation formula.

Definition 2.1. For each point © € M \ N,
An(z) = {—9(d(N,x)) ;v is an N-segment reaching x}.

Definition 2.2. For any distinct points z, y lying in a convex neighborhood around
x, we define a unit tangent vector v, (y) at x by

vz (y) = 7(0),
where 7 : [0,0] — M denotes the unique unit speed minimizing geodesic joining x

to y.

Lemma 2.1. Let {z,} be a sequence of points in M \ N converging to a point
x ¢ N. For each x,,, choose an element wy, in An(zy). If limy, oo vz (2n) =: v and
limy, 00 Wy, =: Weo € An(x) exist, then
(v, Weo) = min{Z(v,w);w € An(x)},
where Z(v,ws) denotes the angle made by v and wo,. Moreover,
d(N,x,) —d(N,x)

nlg{.lo (o) = — 08 (v, Woo ).

Remark. This lemma holds even when N is a point in an Alexandrov space; cf.
Lemma 6.3 in [21] and Theorem 3.5 in [18].

Proof. Define N-segments o and «;, by
a(t) :=exp((t — d(N, 2))weo ), an(t) = exp((t — d(N, x))wy,).

Fix any N-segment [ reaching x and choose a point y (# x) on [ in a convex neigh-
borhood V; around x. Let n denote the angle made by v and w := —(d(N, x)). It
follows from the first variation formula that there exists a constant C' such that

d(y, @n) — d(y,z) < —d(wn, x) cosnn + C d(zy, x)?
for any sufficiently large n, where n, = Z(vy(zy), w). By the triangle inequality,
d(N7 J?n) - d(N7 J?) < d(ya J)n) - d(ya J))

for any n. Thus, we get

N —d(N
(2.1) lim sup d(N, zn) — d(N, 2) < — lim cosm, = —cosm.
n—o00 d(xn,x) n—00
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On the other hand, choose a point z(# z) on « in the neighborhood V,.. For each
n, choose a point y,, lying on «, satisfying d(y,,x,) = d(z, z). Hence, the sequence
{yn} converges to z. By the triangle inequality,

d(Nv xn) - d(N, :L') 2 d(yn; xn) - d(ynv LE)
for any n. Let 6,, denote the angle made by v, (x,) and v, (y,). By the hypothesis,
the sequence {6,,} converges to Z(v, ws ). Since the distance function is C* around

(z, 2), it follows from the first variation formula that there exists a positive constant
C such that

A(Yn, xn) — d(yn, ) > —d(zp,x) cos b, — C d(at:n,ﬂc)2

for any sufficiently large n. Thus,
d(N,zn) — d(N, )

(2.2) linrriigf (o) > —nlinéo cos b, = — cos £(v, Weo)-
By (2.1) and (2.2), we complete the proof. O

Definition 2.3. We define a function p(v), v € Uv, which is called the distance
function to the cut locus of N, by

p(v) := sup{t;¥|jo,g is an N-segment}.
The set
Cn = {1(p(v));v € Uv, p(v) < oo}
is called the cut locus of N, and each point of Cy is called a cut point of N.

Note that p is positive on Uv, since N is an embedded submanifold of M. It
is well-known that p is continuous and p < A on Uv (for example, see [20]).
Let v : (a,b) — (Uv, @) denote a unit speed geodesic on Uv, where G is a C*°
Riemannian metric on Uy, assuming that

pls) = p(o(s)) < A(s) 1= A (u(s)
on (a,b).
Definition 2.4. For each v(s) define an N-Jacobi field Y (t;v(s)) along v,(s) by

Yn(t;v(s)) := % exp(t v(s)).

Actually, Yn (t;v(s)) is a Jacobi field satisfying the initial conditions
Yn(0s0(s)) = dm(o(s)),  Yx(050(s)) = Ay(s)(dn(i(s))) + (v ()"
Definition 2.5. For each s € (a,b) we define the unit tangent vectors e (s) and

ea(s) by
1
e1(s) = —Fu() (P(5)),  e2(s) = ro——=—r YN (p(s); v(s)).
R mrOTTe ) Rk

Note that ej(s) and ez(s) are mutually orthogonal according to (1.2). Since
we assumed p < A on (a,b), the continuous curve ¢(s) := exp(p(s)v(s)) lies in an
immersed surface

S :={exp(tv(s));s € (a,b), 0 <t < A(s)}

of M. Tt is clear that {e;i(s),e2(s)} is an orthonormal basis for the tangent space
Ty(s)S for each s € (a,b). For each w € An(c(s)) \ {ei1(s)}, let H(w) denote the



LIPSCHITZ CONTINUITY OF THE DISTANCE FUNCTION 31

hypersurface of T;() M orthogonal to w — e1(s). The dimension of the linear space
Te(s)SNH(w) is 1, since eq(s) is tangent to S, but not to H(w). Therefore, for each
w € An(c(s))\{e1(s)} there exists a unique unit tangent vector ny (w) (respectively
n—(w)) in Ty5)S N H(w) such that the angle made by 7y (w) (respectively n_(w))
and ex(s) is smaller (respectively greater) than 7.
Definition 2.6. For each s € (a,b), let {1(s) (respectively £_(s)) denote the
unique element 1: (w3 (s)) (resp. n—(w_(s)) in {1+ (w)iw € Ax(c(s)) \ fex(s)}}
(resp. {n—(w);w € An(c(s)) \ {e1(s)}}) such that
(04 (w4 (s)), e1(s)) = min{Z (4 (w), e1(s));w € An(e(s)) \ {er(s)}}

or, respectively,
Z(n-(w-(s)), e1(s)) = min{ZL(n—(w),ex(s));w € An(c(s)) \ {ex(s)}}-

Note that the choices of wi (s) may not be unique. Choose one w(s) corre-
sponding to each s € (a,b), and fix them.

Proposition 2.2. At each sg € (a,b),

(2.3) i ve(sy) (e(s)) = &4 (s0)

and

(2.4) Sliggliovc(SO)(c(s)) =¢&_(s0)-

Furthermore, the right and left derivatives DV p(so) and D~ p(so) of p ewist, and
(2.5) D¥p(s0) = —|[¥n (p(s0); v(s0))]| cot 1 (s0)

and

(2.6) D7 p(s0) = —[[¥n(p(s0); v(s0))][ cot 6 (s0),

where

01(s0) := Z£(&+(s0); e1(s0)),  0-(s0) := £(§-(s0), —e1(s0))-

Proof. Only equations (2.3) and (2.5) are proven, because the other equations may
be proven in the same manner. Let {s;} denote a monotone decreasing sequence
converging to so such that 7(so) := lim; o0 Ve(s,)(c(s;)) exists. By applying Lemma
2.1 to the sequences {c(s;)}; and {e1(s;)}:, we have

(2.7) Z(e1(s0),m(s0)) = min{Z(w, n(s0)); w € An(c(s0))}-

On the other hand, there exists a unit tangent vector w € An(c(so))\{e1(so)} that
is a limit vector of a sequence {w;}, where w; € An(c(s:)) \ {e1(s:)}, because c(s¢)
is not a focal point of N. Thus it follows from Lemma 2.1 that

(2.8) Z(w,n(s0)) = min{Z(w,n(s0)); w € An(c(s0))}-

By (2.7) and (2.8), n(so) is a unit tangent vector in H(w) N T¢(s,)S such that
Z(n(s0),e2(s0)) is smaller than Z, and hence equals & (sp). This implies that
lim; 5040 Ve(sy) (¢(5)) exists and is equal to {4 (sg). It follows from Lemma 2.1 that

L p(s) = pls0)
s—s0+0 d(c(s), c(s0))
For each s > s¢ sufficiently close to sg, choose the nearest point 7, (a(s)) on

Yo(s)|[p(s0)—8.p(s0)+6] tO the point c(sg), where § is a sufficiently small positive num-
ber such that ~,(s)[p(s0) — 0, p(s0) + 0] lies in a convex neighborhood around c(so).

(2.9) = —cosf4(sp).
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So we may assume that -, is orthogonal at v, (a(s)) to the minimal geodesic
joining v,y (a(s)) to c(sg) for each s > sq sufficiently close to so. Thus, we have
k
fim )
5—s50+0 d(C(SO), C(S))

where k(s) == d(e(50), Ya(s)(a(s)))- Since im, .., 0 vu(en) (Yo(s) (a(5)) = ea(so) is
perpendicular to e1(sg), it follows from Lemma 2.1 that

(2.10) = sinf,(so),

(2.11) im 28 =P00)

55040 k(s)
By the triangle inequality, we have
—la(s) = p(so)| +m(s) < k(s) < m(s),
which holds for each s > s¢ sufficiently close to s, where
m(s) := d(c(s0), Yo(s) (p(50)))-
Therefore, by (2.11), we get the equality
m(s)

2.12 li =1
(2:12) s—s0+0 i(s)

Let ech_(iO) denote the local inverse of exp,(,,) 1= exp |TG<SO)M around ¢(sp). Since
deXpC(SO) is the identity map on T¢(4,)M at the zero vector, it follows that

. m(s) 0 —1
1)t L e e () = ¥ (a0 oo
It follows from (2.9), (2.10), (2.12) and (2.13) that we get (2.5). O

Theorem 2.3. For each cut point q of N which is not a focal point of N along
each N-segment reaching q, the space of directions at q coincides with the cut locus
of An(q) in the sphere S¢M. Here the space of directions at q is defined to be the
set of all limit unit tangent vectors at q of sequences {vq(q;)} as cut points q; of N
tend to q.

Proof. By Proposition 2.2, we have proved that any element of the space of di-
rections at ¢ is a cut point of Ayx(g). Suppose that there exists a cut point v
of An(g) that is not an element of the space of directions at ¢. Since v is a
cut point of An(g), we may choose two unit speed geodesics ¢; : [0,6] — S, M,
i = 1,2, joining v; to v, none of which meet Ax(gq), except v;. For each positive € let
Ye : [0,20] — M be a curve joining exp(ev;) to exp(evs) such that v.(t) = exp(ecy (t))
and v¢(t) = exp(eca(20 —t)) for t € [0,6] and t € [0,20], respectively. By def-
inition, for any sufficiently small positive €, the curve 7. does not meet the cut
locus of N. Thus, there exists a unique curve 4. : [0,20] — v in the open subset
{tv; 0 <t < p(v), v € Uv} of the normal bundle that satisfies exp™(Fc(t)) = ve(t).
It is clear that a family of curves {7.(¢)}. is equicontinuous, since the lengths of
the velocity vectors of 4. are bounded. It follows from the Ascoli-Arzela theorem
that the family has a limit curve 4, which is continuous, as € goes to zero. Hence,
exp®(J(t)) = ¢ for any t € [0, 26]. If we define a continuous curve £(¢) in Uv by

1
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then from the construction it follows that p(£(¢t)) > ||5(¢)||- Thus ||¥(t)|| = d(N, q)
for any t € [0,26)], since expt(7(¢)) = ¢q. Therefore we get a family of N-segments
{7e®)[0,d(N, q)]}te[o,26) reaching ¢ such that

Ye(0) (d(N,q)) = —v1 and ’?5(20)(d(N, Q) = —vo.

This implies q is a focal point of N, which contradicts the hypothesis of the theorem.
Thus, the proof is complete. O

To prove the local Lipschitz continuity of p at vo, fix any vy € Up,v with p(vg) <
0o. Let Bp(vg;do(vo)) denote a relatively compact convex ball in (Uv, G) centered
at vg with radius dg(vg), on which p < p(vg) + 1.

Lemma 2.4. There exist positive numbers C1(vy) and 01(vg) (< do(vo)) such that
for any v,w € Bp(vo;d1(vo)) with v,(p(v)) = yw(p(w)) the inequality

(2.14) C1(vo) D (v, w) < Z(Fu(p(v)), Yuw(p(w)))
holds.

Proof. Since 7, (to), where tg = @, is not a focal point of N along 7,,, the

differential of the normal exponential map has maximal rank at tgvg. Thus, there
exist a positive constant C; and a convex ball Bp(vg;d1(vo)) (61(vo) < do(vg)) in
Uv such that

(2.15) C1 D(u, w) < d(vu(to), yuw(to))

for any u,w € Bp(vg;d1(vp)). By taking a smaller §;(vo), we may assume that
§t < p(v) < §t
glo<p to

on Bp(vg;91(vo)). Let K be the closure of the set {exp(p(v)v);v € Bp(vo;d1(v0))}-
Note that K is compact, because p < gto on Bp(vp;d1(vp)). Thus, there exists a
constant Cy such that

max{[|Y (£)[[;0 <t < 2t} < C2
for any Jacobi field Y along a geodesic that emanates from K with initial conditions
Y (0) = 0,|[Y’(0)|] = 1. Suppose that v,w € Bp(vo;d1(vo)) satisfy v, (p(w)) =
Yw(p()) =: q. Let £ : [0,¢] — SyM denote a unit speed minimal geodesic join-
ing —iu(p(v)) to —Fuw(p(w)), where ¢ = Z(¥,(p(v)), Jw(p(w))). The curve z(f) =

exp, (t1£(0)),0 € [0, #], joins 7, (to) to vuw(to), where ¢ := p(w) —to = p(v) —to. By
definition,

¢
A (1) wulto)) < [ 11i(0) a5

Since ||£(0)|] < C2, we get
(2.16) (1 (to), yuw(to)) < Ca¢ = C2Z(Fu(p(v)), Y (p(w))).
From (2.15) and (2.16) we get (2.14). O

Since the differential of the map (7, exp) : TM — M x M, (q,v) — (q,exp,(v))
has maximal rank at each zero vector, it has a C'*° local inverse ¢ on an open set
Ur D {(Y0e (t)s 700 (£)); 0 < t < r}, where r := p(vg) + 1. Choose a positive number

d2(vg) (< 01(vo)) such that, for any vy,v2 € Bp(vo;d2(vo)) and any ¢ € [0,r],
(7111 (t)77112 (t)) S UT'
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Definition 2.7. For each distinct v, 0 € Bp(vo;d2(vo)) let X (¢;v,9) denote the
vector field along 7, |[o,, defined by
X(t50,5) 1= L 0(0(0),75(0).
where ¢ = D(v,0).
It is trivial that there exists a positive constant Ca(vg) such that
(2.17) Z(Fo(p(0)); Y (p(w))) = Ca(vo)

for any v € Bp(vo;d3(vo)) and w € Uv \ Bp(vo;01(vg)) with v, (p(v)) = vw(p(w)),
where d3(vg) = @.

Lemma 2.5. There exists a positive number Cs(vo) such that for any t € [0,r] and
any unit speed minimizing geodesic £(s) (0 < s <) in Bp(vo;da2(vg))

(2.18)
12X (#:£(0), £()) = Y (L E(0)]] + [[X7(£:€(0), €()) = Y (£:£(0))]| < C3(wo),
where Y (t;£(0)) is the N-Jacobi field along v, defined in Definition 2.4.

Proof. Since (v¢(0)(t), Ye(s)(t)) € Uy for any t € [0,7] and any s € [0,], the vector
field @ (ve(0)(t), Ve(s)(t)) along ve(o)ljo,r is well-defined for each s € [0,%)]. Let f :
[0, 7] x Bp(vo;d2(vo)) X Bp(vo;da(ve)) — TM be a C* map defined by

f(tv U1, 1)2) = (I)(’yvl (t)a Yvz (t))
and put h(s) := f(t,£(0),&(s)). Since
h(w) = B () + v /O " /O W (suib)ds du
and 1/ (0) = Yn(¢;£(0)), we get

1 1
X(:€0). €)= Yw(t€O) v [ u [ W/ (su)ds du.
Hence, the inequality (2.18) is trivial. O

Lemma 2.6. Let v : (a,b) — Bp(vo;d3(vp)) be a unit speed geodesic such that
A(s) > p(s) on (a,b). Then for each s € (a,b),

04(1)0) WQCg(Uo)Cl ('UQ)_Q)

(2.19) |DEp(s)| < C(Jn) max (cot 5 5

where
C4a(vg) = min(Ca(vg), C1(v9)ds(vo))
C(JIn) = sup{|[Yn (& v(s))I], [V (£ 0(s)) ;0 < £ <7,
v(s) is a unit speed geodesic in Bp(vo;d3(vp))}.
Proof. Let es(s) denote the unit tangent vector satisfying
(2.20) w4 (s) = e1(s) cos p(s) + es(s) sin P(s),

where ¢(s) := Z (w4 (s), e1(s)). Since Z(e1(s), €4 (5)) = 04 (s) and Z(&4 (s), e2(s)) <

5, it follows that

(2.21) Er(s) = e1(s)cosby(s) + ea(s)sinbhi(s).
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Since &4 (s) is orthogonal to wy (s) — ey (s), it follows from (2.20) and (2.21) that

(2.22) cot 0 (s) = %g(eg(s),eg(s)).
Hence, by (2.5), we get
(2.23)
D*p(s) =~ (p(s)). eats)) = — cot A vy (p(s)). ().

11— cosg(s)
where Yy (t) := Yn(t;v(s)). Let 9(s) € Uv denote the vector satisfying —w. (s) =
Yi(s)(p(0(5))). If $(s) is not less than Cy(vp), then from (2.23) it is trivial that

(2.24) D" p(s)| < C(Jn) cot %.

If ¢(s) is less than Cy(vg), then it follows from (2.14) and (2.17) that D(v(s),0(s)) <
d3(vo). Thus, by the triangle inequality, @(s) € Bp(vo;d2(vo)). The vector field
X(t) := X(t;v(s),0(s)) is well-defined by Definition 2.7. Since X (p(s)) = 0, we get

(2.25)
1 1

X/(p(s) = 75l ~ w1(5) = 57
where 9(s) := D(v(s),d(s)). Let £ : [0,¢(s)] — Bp(vo;d2(vg)) denote the unit
speed minimal geodesic joining v(s) to o(s). It follows from (2.23) and (2.25) that

(2.26) D+p(s) = cot @ Y(s)

2 sing(s)

(1 = cos @(s))e1(s) — ea(s) sin é(s)),

9(Yn(p(s)), X' (p(s)))-
It follows from (1.3) that
9V (), X' (p(5))) = 9V (p(s)), X' (p(5)) — Xy (p(s)))
+9(Vx(p(s)), Xn (p(9))),
where Xy (t) := Yn(¢;£(0)). Hence, by (2.26), we have
(2.27)
P(s) _¥(s)

[Dp(s)] < cot == . CUINIX"(p() = Xn(p(s)I + | Xn (p(s))]])-

Since X (p(s)) =0, by (2.14), (2.18) and (2.27), we get

28) 1D p(s) < ot AL L0400 < T

2 sing(s)

By (2.24) and (2.28), we get (2.19). The estimate for D~ p(s) is the same as the
one for DV p(s). O

1 (00)72C3(U0)C(JN).

Proof of Theorem [B. Let vy € Uv be any vector with p(vg) < co. Choose a small
convex ball Bp(vo;da(vo)), 04(ve) < d3(vo), on which p < Ay or Ay is Lipschitz
continuous with Lipschitz constant L(\1). Let v1,va € Bp(vo;94(vo)) be any dis-
tinct vectors with p(vy) < p(v2). Let &€ : [0,9] — Bp(vo;da(vo)) be the unit speed
geodesic joining v to ve, so that ¥ = D(vy,va). If A1(v1) = p(v1), then

(2:29)  |p(v1) = p(v2)| = p(v2) = p(v1) < Ai(v2) = Ai(v1) < L(A)D(v1,v2).
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Suppose that A (v1) > p(v1). Let (0,a) be the maximal open subinterval of [0, ]
on which A\; > p. By Lemma 2.5,
|D*p(s)| < Cs(Jw, vo)

n (0,a), where

Cs(Jn,;v0) := C(Jn) max <cot 04(21)0)7 7T203(UO)201 (’Uo)_2> '

Hence, p o is Lipschitz continuous with Lipschitz constant C5(Jxn,vo) on [0, a]. In
particular,

(2.30) Ip(v1) — p(£(a))] < C5 (I, vo)a-
If a < 1, then A1 (&(a)) = p(&(a)). Thus by (2.30), we get
(2.31)  [p(v1) = p(v2)] < A(v2) = Ai(€(a)) + |p(&(a)) — p(v1)] < L(p) D(v1, v2),

where L(p) := max(L(A1),C5(Jn,v9)). If a = 1, then (2.31) is trivial by (2.30).
Therefore, by (2.29) and (2.31),
) = p(v2)| < L(p)D(v1,v2)

for any v1,v2 € Bp(vo;d4(vo)). O

lp(v1

The length L(c) of a continuous curve c : [a,b] — M is defined as

k
(¢) := sup Z d(e(tir), cfti)),

where the supremum is taken over all subdivisions
a=ty<ti <---<tpy=b

of [a, b]. Note that any absolutely continuous curve has finite length (cf. [28] for the
definition of an absolutely continuous curve). We omit the proof of the following
lemma, since it is standard (cf. [2§]).

Lemma 2.7. For any absolutely continuous curve ¢ : [a,b] — M

b
0 =/ 16t)]| dt.

We introduce an interior metric § on a component C% of Cy by
8(p,q) := inf{L(c); c is a continuous curve on C' joining p to ¢}.

By Theorem B, §(p, q) is finite for any p, ¢ € C%,. Any two points p,q € C%, can be
connected by a minimal curve c; that is, there exists a continuous curve ¢ joining p
to g such that d(p, q) = L(c) (for example, cf. Theorem 5.18 in [3]). It follows from
Lemma 2.7 that § coincides with the usual definition of the Riemannian distance
function, or, in other words,

1
o(p,q) = inf{/ [|¢(t)]|dt; ¢ is an absolutely continuous
0

curve on C joining p to ¢}.
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Proof of Corollary[@ Let {p,} be a sequence of points in C% such that
lim d(p,p,) = 0.
n—oo

Since the cut locus is closed, p is a cut point of N. For each p,, choose a vector
vp, € Uv with exp(p(vn)vn) = pn. Let v € Uv be a limit vector of the sequence
{vn}. Let &, : [0, D(v,v,)] — Uv be a minimizing geodesic joining v to vy, and
put &, () := exp(p(&,.(1))&n(t)). Since &, is a (Lipschitz) continuous curve in C%
joining p to p,, we get

(2.32) 5(p,pn) < L(E,).

Since p is locally Lipschitz, the map w € Uv — exp(p(w)w) € M is also locally
Lipschitz. Thus, there exist a positive constant C' and a neighborhood V' around v
such that

(2.33) L(E,) < CL(§) = CD(v, vn)

for any n with v, € V. By (2.35) and (2.36), we get lim,,—.o 6(p,prn) = 0. Thus,
the topology introduced from § coincides with the relative topology of (M, g). The
other claims are clear from this property. O

3. OPEN PROBLEMS AND EXAMPLES

The functions A are not always differentiable, except when M is of dimension
2. The following example shows that A\; need not be differentiable.

Example 3.1. Let M denote the Riemannian product of two 2-dimensional unit
spheres S2. Choose a unit tangent vector v1 to S? at a point p1. For each @ € [0, zl
we define a geodesic vy on M by

~o(t) := (exp(tvy cosd), exp(tvy sinf)).

Let A1 denote the distance function to the first conjugate tangent vectors of the
point p := (p1,p1) € M. Thus

Al(%(())):mm( LR )

cosf’ sinf
Hence A;(99(0)) is not differentiable at 6 = 7, that is, A; is not differentiable at

(vl/\/ivl/\/i).

There exist many surfaces admitting a cut locus with branch points (for example
cf. [ or the following example). This implies such a cut locus need not have
curvature bounded below in the sense of Alexandrov.

Example 3.2. Let N be a smooth convex Jordan curve in the 2-dimensional Eu-
clidean plane R? which contains a regular triangle T, except around its three ver-
tices. Then the cut locus of N contains three line segments emanating from the
center of T'.

The following example shows that there is a cut locus containing a neighborhood
of the vertex of a flat cone. This implies this cut locus cannot have curvature
bounded above in the sense of Alexandrov.



38 JIN-ICHI ITOH AND MINORU TANAKA

Example 3.3. Take a C°° Jordan arc C in the yz plane in the 3-dimensional
Euclidean space R? with endpoints (0,0, 1) as follows:
(1) C contains three arcs

Cy :={(0,cosb,sinfh); —

vl 3

<6< -2 +3),

Cs := {(0, cos b, sin b); +6<0<

™
1T
and
1 1

V2 V2
where ¢ is a sufficiently small positive constant.

(2) C\(C1UC2UC4) consists of two Jordan subarcs which are mutually symmetric
with respect to the line through (0,0,0) and (0,1, —1).

(3) The cut locus of C \ {(0,0,%£1)} in the yz plane is the line segment with
endpoints (0,0,0) and (0, — \}5, %)

Let N be the surface of revolution obtained by rotating C about the z axis. Then
the cut locus of N coincides with a cone

1) 1) s T
= e — — si —_—— — < <——
Cs = {(0, = + g cos &, +gsineli—g —0<os -7 +4}

1
{(.ﬁ,y,Z);J)Q +y2 = 227 ——<2z< 0}
V2

The cut loci constructed in Examples 3.2 and 3.3 are those of a submanifold that
is not a single point. By making use of Weinstein’s technique ([26]), we may regard
these cut loci as being of a single point.

Finally, we state five interesting open problems, some of which might be proved
using the local Lipschitz continuity of the function p.

J. Hebda and J. Itoh affirmatively solved Ambrose’s problem in the 2-dimensional
case (cf. [II], [13]). They solved it by proving that the cut locus of a point on a
2-dimensional Riemannian manifold has finite 1-dimensional Hausdorff measure.
Hebda had pointed out in [10] that it is sufficient to prove the property above to
solve the problem in the 2-dimensional case. Theorem B generalizes this property
for any dimensional compact Riemannian manifolds. Thus we might be able to
solve Ambrose’s problem using this property.

Problem 3.1. Solve Ambrose’s problem for any dimensional Riemannian mani-

fold.

The authors proved in [T4] that for each cut point ¢ of a point p on M, there
exists a nonnegative integer k such that the cut locus of p is locally k-dimensional
around q. We call the integer k the local dimension of the cut locus at q.

Problem 3.2. Let q denote a cut point of a point p on M at which the local di-
mension of the cut locus is k. Is the cut locus locally a k-dimensional submanifold
of M around q, except for a k-null subset of M ? Here a subset of M is said to be
k-null if it is of k-dimensional Hausdorff measure zero.

Hereafter IV denotes an embedded submanifold of a complete Riemannian mani-
fold M. A point ¢ € M\ N is called a critical point of the distance function from N
if for each unit tangent vector v at ¢ there exists a unit tangent vector w in Ay (q)
such that the angle made by v and w is not greater than 7. A real number c is

called a critical value of the distance function from N if there exists a critical point
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q whose distance is ¢ from N. It is well-known that for each positive number ¢ the
set of all points whose distances are c is a topological hypersurface in M, if ¢ is not a
critical value of the distance function (cf. [B]). In [22], it was proved that the set of
all critical values of the distance function from a compact subset in an Alexandrov
surface is of Lebesgue measure zero. Does what we call a “Sard Theorem for the
distance function” hold for the distance function from N? Namely,

Problem 3.3. Is the set of all critical values of the distance function from N of
Lebesgue measure zero?

We showed in Examples 3.2 and 3.3 that the cut locus is not always an Alexan-
drov space. How about the tangent cut locus?

Problem 3.4. Is the tangent cut locus of N an Alexandrov space?

We proved in Theorem 2.3 that the space of directions at a non-focal cut point
q of N coincides with the cut locus of Anx(q) in SyM. Here a non-focal cut point ¢
is a cut point that is not a focal point along each N-segment reaching q. Therefore,
the following problem is an interesting investigatation into the structure of a cut
locus.

Problem 3.5. Let q¢ be a non-focal cut point of N. Then, is S(q;0)NCn homeo-
morphic to the cut locus of An(q) in SqM for any sufficiently small positive 67
Here S(q;0) denotes a geodesic sphere in M centered at q with radius 0.
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